Abstract-We start from a mechano-chemical analogy considering the time evolution of a homogeneous chemical reaction modeled by a nonlinear dynamical system (ordinary differential equation, ODE) as the movement of a phase space point on the solution manifold such as the movement of a mass point in curved spacetime. Based on our variational problem formulation [6] for slow invariant manifold (SIM) computation and ideas from general relativity theory we argue for a coordinate free analysis treatment [5] and a differential geometry formulation in terms of geodesic flows [8] . In particular, we propose analytic continuation of the dynamical system to the complex time domain to reveal deeper structures and allow the application of the rich toolbox of Fourier and complex analysis to the SIM problem.
I. ANALYTIC CONTINUATION
We introduce analytic continuation of smooth autonomous dynamical systems from real to complex-time domain in order to study slow invariant manifolds (SIM) in terms of spectral properties, geometry and topology of holomorphic curves, respectively embedded Riemann surfaces. Slow attracting manifolds and, closely related to these, separatrices [4] play an important role as backbone structures in phase space and allow to distinguish asymptotic behavior of trajectories. We propose that a holomorphic complex-time view might be useful for identification and analytical or numerical evaluation of characteristic mathematical properties of these flow-invariant structures. We analyze time-holomorphic solution trajectory manifolds of real-analytic ordinary differential equation (ODE) initial value problems after analytic continuation to the complex time domain:
anal. contin.
The real part is F = f and the requirement that solutions z(t) are holomorphic functions of complex time t ∈ C leads via Cauchy-Riemann differential equations to an ODE for the imaginary time derivative. The solution trajectories can either be seen as Riemann surfaces defined by images of (subsets of) the complex numbers C embedded into the ODE solution manifold for a fixed initial value via its complex-time flow or as (ramified or unramified) coverings of the solution manifold. Both viewpoints are geometrical respectively topological in nature and share the potential to access powerful techniques from corresponding mathematical fields, in particular those that relate (complex) analysis with differential geometry and topology. Since the phase flow in imaginary time direction is related to complex exponential functions [3] , it turns out to be natural to study 
A. Analysis of Riemann surfaces
We demonstrate the value of complex time dynamical systems (analytic ODE) by analyzing a diagonalizable 2-D linear dynamical system with two different eigenvalues (see eq. (1) in [7] with γ = 5). Figs. 1 and 2 visualize projections of the Riemann surfaces in complex phase space C 2 generated by solution trajectories with initial values off ( Fig. 1) and on (Fig. 2) the SIM which is here the slow eigenspace. The oscillatory modulation of the surface can be correlated with an active or relaxed fast mode [3] .
B. Symmetry considerations
Based on the conception that 1-D SIMs seem to 'balance' contraction rates of trajectories from different phase space directions in [2] an analytic continuation of real to complex phase space is applied to investigate the significance of SIM symmetry properties (Fig. 3 ) exploiting Noether's theorem. This might help to restrict the potential choice of a suitable Lagrangian function in a variational setting [7] formulated as an inverse problem for SIM identification. II. DIFFERENTIAL GEOMETRY AND GEODESIC FLOW Invariant manifolds in dynamical systems are intrinsic mathematical objects whose characteristics do not depend on a chosen coordinate system (e.g. reaction progress variables for parameterization). We start from the ideas to treat the slow manifold problem in the fully coordinate independent setting of differential geometry and the result that necessary (and in special cases also sufficient) conditions for a SIM can be formulated in terms of tensor analysis. The invariance equation, e.g., is reflected by vanishing timesectional curvature in extended phase space including time as a coordinate axis [5] . In a second step we derive here a Riemannian metric which makes the solution trajectories geodesic flow lines with respect to the Levi-Civita connection induced by the metric [8] . In this setting the stretchingbased analysis of Adrover et al. [1] can be recast in the language of manifold curvature concepts, see [8] .
